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In QFT
,

2- = fD¢ e-
IE[0]

q
all fields

except guv

for example

2- (p) = Tre
- PH

= Dp =/ Doge
-1-7=107

cyl .

So in QFT, we fix M, and integrate over § .

In gravity , we need to also sum over geometries .



In quantum gravity,
11

- IE [9,0] "

Z = fD§Dgw e

we cannot do the integral of course - not renormolizable .

We will nonetheless spend the rest of the

course C. lives ? ) trying to make sense of this

integral .

We do not specify Mf, but we do set

boundary conditions
.

F-X . - IE

2- (B) =/DODGE
subject to

dsz / = dt' + dÑ
'

+ subheading
near

infinity[
µ, man" "

"

th " " " P
"""
" "" "

" "¥""

i.e.
"

asymptotically cylinder of proper size p
"

i.ee .

2- (p) =
" '

①?

i. . . - P



Y-Importantdifference.mx

In QFT
,
we derived

Tre
- PH = TIP

(by slicing the path integral , inserting
a complete set of states

.)

In gravity, we postdate

Tre
-PH

=

-

-
-

Jp?

- - -
-

we carrycot derive this by inserting a complete set of

states . We guess this formula
,
and check that it

gives reasonable and consistent results
.



nEEtEEtE×ima
As I said we do not know how to do the

path integral , too how do we proceed ?

fDgD¢ e-
Iecg ,

y[ e- IE
[ 5,0T] + I

"'
+ IN + . . .

un

saddles ↳
Classical solution lsaddlepoint)

9 9 9
GN
" Gai Gu - - -

Suppose 15=0 .
(so we can think about gravity alone)

then

- IEIJ)
2- (B) = e

where g-mu is a solution of Efe 's with

djh = di + DI
'
+ . - . @ no

Tvttp



Do you know any solutions like that?

Yes ! Euclidean Schwarzschild BH !

g-on = Euclidean BH !

• F- 2M① fp

(This obeys our boundary condition and solves EE
.)

Recall free energy

PF =
- log-2431

= IE [g-]

On- shell action
-

-

As we will see
,
all the usual properties of a thermodynamic

free energy apply here .



4dSchwarzschildm
We will now calculate the leading term for an example .

F-insteina-tion.IE=
± fddxrgr - ±fd%rnk161T 81T
m drafty "
(+ counterterms/subtractions)

why GHY ?

8 jrgr n frog G
"

dguu
m m Tom

+ frn (f) organ + I Jdncrgn)
on

9
BAD !



Dirichlet boundary condition

glom = 8
, 91,m=0

⇒ S / jrgR) ¥0 on solutions to

EE !

GHY cancels this term
,
so

SIE = fleomlcrg + / C) 8g
M OM

= 0 on-shell .

General words of wisdom : boundary terms in the action

should be appropriate to your
choice of boundary

condition
.

The boundary condition is part of the

definition of the theory .



Evaluate IE for Euclidean Blt

di = ( 1- %-) di + ydr÷ + redd
'

p - b-+ 8ñM

restrict r<

room

€-50
F-2M

Fro

⇒ R=O

Calculate K
mum

Unit Normal on OM :

nd dp with n' =/

n = (1-2,1)
""

or

Induced metric on 0M

hij = guv with i,j=t ,0=4
and r=ro



Kjj = { Lnhij
= Yin ;)

= In
"

@hij

K = hiikij
⇒

fdido-dofhlk-fdtf8ii.ro - 12AM -101¥ ))
om

r=ro
= ✗ as rosa !

"

counterterm
"

shift IE→

frnlk- ko )
^
Curvature of

same 0M embedded

in Minkowski

ie
,
let

ds:* = (1-2%1) di + drz + rads
'

then Ko = extrinsic curv . of r=ro in this mf .



frhlk -ko) = fdtf - 4am + 01¥ ))
= - 4ñMp fro→ a)

p=8ñM
⇒

IE = -8¥ -41T¥ P

= ⇐ p
'

=

2- (B) = exp f- ¥13)



cheokthermo-irec.at/S='-yArea=4w-M2
2- = e-

PF

F = F- - TS

= M - ÷µ4ñM
'
= Im

so pF= Imp = Epa ✓
SE)p

= - dptogZ

= ¥P
=

m ✓
S = ftp.oplbogZ

= ✓



Qvantumcorrectionsm.to
all orders in perturbation theory :

- tplguv)
ZIP)=[ e Zone, / g-mu)

saddles ↳
9 ordinary QFT path integral

in the metric g-mu
phaser

Ctreating cigar as quantum field)transitions !

Zonftlgmu) = QFT P.I. on ①
= Tr e-

PHQFT

{ This is the path integral
we were talking about in

our discussion of Hawking
radiation

.



At 1- loop :

1) Expand Ir=( guigmuthnv , 10=8-+801)
to quadratic order

2) Gauge- fix

3) Integrate fDhwD8p → IT /determinants)

(Note : Instabilities of hot flat space )


